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Abstract
In this article a mathematical model for ameboid cell movement is developed using a spring–dashpot system with Newtonian
dynamics. The model is based on the facts that the cytoskeleton plays a primary role for cell motility and that the cytoplasm is
viscoelastic.
Based on the model, the inverse problem can be posed: if a structure like a spring–dashpot system is embedded into the living cell, what
kind of characteristic properties must the structure have in order to reproduce a given movement of the cell? This inverse problem is the
primary topic of this paper.
On one side the model mimics some features of the movement, and on the other side, the solution to the inverse problem provides
model parameters that give some insight, principally into the mechanical aspect, but also, through qualitative reasoning, into chemical
and biophysical aspects of the cell. Moreover, this analysis can be done locally or globally and in different media by using the simplest
possible information: positions of the cell and nuclear membranes.
It is shown that the model and solution to the inverse problem for simulated data sets are highly accurate. An application to a set of
live cell imaging data obtained from random movements of a human brain tumor cell (U87-MG human glioblastoma cell line) then
provides an example of the efﬁciency of the model, through the solution of its inverse problem, as a way of understanding experimental
data.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Understanding cell motility is crucial in many aspects of
biology, especially for medical sciences. The motility of
cancer cells is certainly a pre-eminent case which has
attracted attention to the subject. It is thought that increase
in motility of tumor cells is associated with cancer
metastasis. Similar to metastatic cancer, arthritis and
neurological birth defects have their roots in cell motility,
as do many other diseases. Cell motility is also essential for
shaping organs and tissues during development of an
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embryo, maintenance of tissues, wound healing, white
blood cell movement in immune response, and generation
of new blood vessels, etc. (see Alberts et al., 2002; Bray,
2001; Chicurel, 2002; Lauffenburger and Horwitz, 1996).
Therefore, the ability to control the motility of cells is
crucial for causal and rational treatments, whether curative
or preventative.
Because of current theoretical development and experimental results (see, for example, Abercrombie, 1980; Bray,
2001; Mitchison and Cramer, 1996), research on ameboid
cell motility is focused on a biophysical explanation, called
the pull–push model. This process involves protrusion (see,
for example, Mogilner and Edelstein-Keshet, 2002; Small,
1989; Theriot and Mitchison, 1991), adhesion (see, for
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example, Cox and Huttenlocher, 1998; Deﬁlippi et al.,
1999; Kaverina et al., 2002), and contraction (see, for
example, Bray, 2001; Mitchison and Cramer, 1996) of the
cell through the action of the cytoskeleton. Brieﬂy, it is
thought that polymerization and bundling of the actin
ﬁlaments produce directed force to create protrusion at the
cell membrane. The protruding site contacts and adheres to
the substratum. Activation of the actomyosin complex,
with depolymerization and unbundling in some cases,
causes contraction at the rear (or near the nucleus) of the
cell. The complexity of the living cell makes it very difﬁcult
to explain the mechanism of the motion through the use of
a simple model. For this reason, physical models are
sometimes focused on the simpler forms of living cells (for
example, see Mogilner and Verzi’s model (2003) for
nematode sperm cell movement).
It is a known fact that cytoplasm is viscoelastic. Viscosity
varies from one place to another within the cell and
therefore the cell is heterogeneous (for example, see Yanai
et al., 2004; Caille et al., 2002). Viscoelasticity is addressed
widely in the literature, and measurements are obtained
using various methods, such as magnetic tweezers (Bausch
et al., 1999) or magnetocytometry (Karcher et al., 2003).
Additional analysis and review of the viscoelastic properties of the living cell have been given by Marella and
Udaykumar (2004), Feneberg and Westphal (2001), Heidemann et al. (1999), MacKintosh (1998), and Yanai et al.
(1999).
The models for cell motility proposed in the literature
can be divided into two main groups: ‘discrete’ and
‘continuous’ models. The protrusion, contraction, and
adhesion mechanisms of the biophysical pull–push model
with some modiﬁcations and the viscoelasticity of living
cells allow modeling these processes using classical
mechanical means. Therefore, discrete models (for example, see DiMilla et al., 1991; Palsson and Othmer, 2000) in
general use discrete units which are composed of springs,
dashpots, and contractile elements either in parallel or in
series for physical and mathematical formulation of the
models. An important class of this kind of model, called
tensegrity models, is discussed in a recent paper by Sultan
et al. (2004) (see also McGarry et al., 2004). Continuous
models (for example, see Coskun, 2006a; Alt and Dembo,
1999; Bottino et al., 2002; Dong and Skalak, 1992;
Gracheva and Othmer, 2004; Mogilner et al., 2000;
Mogilner and Verzi, 2003; Schmid-Schönbein et al., 1995;
Yeung and Evans, 1989), however, use continuummechanical tools, ﬂuid dynamics or thermodynamics.
Combinations of these two types are also encountered. A
nice introduction to these types of models and a discussion
of the literature have been given by Gracheva and Othmer
(2004).
The Ring Model which is developed in this paper is a 2D model. It is designed to model single-cell movement on a
rigid, planar, and compliant substrate and assumes a
variable number n of radial spring–dashpot subunits to
describe mechanical properties of the cytoplasm as well as

corresponding subunits for cell and nuclear membranes. In
that sense although the Ring Model is set up as a discrete
model, it differs from the previous discrete models by its
high dimensionality, focus, generality, and complexity.
In this article we often use the terms forward and inverse
problems. By the forward problem, we mean ﬁnding the
position of the cell at any time once an estimated predetermined set of parameters is provided. By the inverse
problem, we mean extracting as much information as
possible about the biophysical and mechanochemical
properties of the cell from the change of location of the
cell. The positions of the cell and its components at
different time steps are determined by live cell imaging
techniques. Given a set of measurements of the movement
of the cell, the inverse problem is posed by asking: if a
structure like the Ring Model is imposed into the living
cell, what kind of characteristic properties must the
structure have in order to reproduce the same movement?
The models cited above have focused mostly on the
forward problem. The major feature of this paper, i.e. the
inverse problem and its solution which is studied primarily—but not yet completely—in this paper, has not been
addressed in the literature previously. A comprehensive
introduction to this new model-based inverse problem
formulation and discussion of both discrete and continuum
cases can be found in Coskun (2006b).
Brieﬂy, the model is an oversimpliﬁed model as a ﬁrst
step towards the development of model-based inverse
problems for cell motility. We would like to bring this
new approach to the attention of the scientiﬁc community,
which may lead to different applications being proposed,
or use of the approach for problems similar to those we
consider in this introductory paper. Applications to
different cases would help in the direction of the further
justiﬁcation of the model.
2. The Ring Model
The main goal of the Ring Model is to develop a method
that approximates global or local mechanical characteristics of a crawling cell, so that it may stimulate new
physical and biological experiments, or may be used to test
the existing measurements. Since the mechanism of cell
motility is far too complicated and the experiments are
expensive, a quantitative modeling approach that can be
analysed under different assumptions is necessary to help
in extracting biophysical and chemical insights from the
measurements. The model developed here uses the simplest
information available: the positions of the cell and nuclear
membranes.
2.1. Setup and use of the model
A subunit of the model is deﬁned to be a Voigt solid
element, which simply is a spring and a dashpot in parallel.
The cytoplasm is modeled as consisting of a ﬁxed number,
n, of uniformly distributed subunits radiating from the
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Fig. 1. The Ring Model diagram (ith unit—thick lines).

nucleus (see Fig. 1). A strip is deﬁned to be the part of the
cytoplasm along which a radial subunit lies, and the mass
of each such strip is assumed to be a point mass at the
membrane end of this subunit. The other ends of the
subunits are connected to masses which are 1=n of the mass
of the nucleus and are located at a radial distance from the
center of the nucleus. The cell and nuclear membranes are
also considered as circumferential subunits in series, each
one connecting the ends of two consecutive radial subunits.
A computational unit of the model consists of a radial
subunit, the corresponding cell, and nuclear membrane
subunits on the positive side (counterclockwise) of the
radial subunit, and the masses at either end of that radial
subunit. We use the term ‘layers’ to mean the inner and
outer boundaries of the ring structure.
The model can be used to approximate mechanical
properties of the cell, like elasticity, viscosity, drag
coefﬁcient, etc. For example, the spring constants of the
model ðk; ln; lsÞ are linear approximations to the elasticity
of the strips and the membranes. All springs are considered
as being subject to a damping force due to the viscosity of
the cytoplasm, and correspondingly the model parameters
ðB; Bn; BsÞ are linear approximations to the viscosity of the
strips. The combination of friction effects that the masses
are subject to, due to the cell–substrate interaction and
adhesion between the cell and substratum, is also
incorporated in the model through the coefﬁcients
ðDn; DsÞ. In addition to the mechanical properties, the

model may give some biophysical and chemical insights
about the cell using the correspondence given below:
Overall, it is evident that the mechanical changes and
motility of cells are due to some biochemical alterations in
the cell. This strong relation between motility and the
biochemical structure of the cell implies that the investigation of the data through the inverse problem obtained
under different chemical or physical conditions may
provide a way to deduce some insight about the chemical
and biophysical alterations in the cell.
Due to the heterogeneity of the cell, the subunits are
assumed to have different features varying with spatial
position, like effective spring constants, spring rest lengths,
and damping coefﬁcients. Also the masses are assumed to
be different, as are the drag coefﬁcients in space. All
parameters are also assumed to vary as functions of time.
The radial springs are assumed to be linear aging springs
(i.e. the effective spring constants of the springs vary as
time elapses) to approximate the cytoskeletal ﬁlament
dynamics, like bundling, networking, aggregation, or
activation of the actomyosin complex. For membrane
springs, this variation is considered as an approximation to
the change in the surface tension.
In this model the equilibrium lengths of the radial springs
are assumed to be able to change in time to approximate
some other cytoskeletal dynamics like polymerization of
the ﬁlaments. Similarly, this parameter stands for membrane
growth and vesicle trafﬁcking for the membranes.
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In order to include the intracellular motion, mass
relocation within the cell, and cell and nucleus growth in
the model, the masses are allowed to change in time. For
simplicity, conservation of mass is not included in the
system of model equations. For local analysis, masses need
to be redeﬁned appropriately.

2.2. Application of the model to live cell imaging data
At some discrete time steps with a constant increment,
the membrane ends and the nuclear ends of the radial
subunits are determined. These data are used for the
solution of the system of equations, Eq. (2.3), numerically.
The solutions give us discrete functions determined at these
time steps for parameters: equilibrium lengths, spring
constants, damping coefﬁcients, drag coefﬁcients, and the
masses. By interpolation techniques, the values of these
functions can be approximated at any time within the
model limits to get an approximation for the continuous
change in the values of the model parameters.
The Large-Scale Digital Cell Analysis System
(LSDCAS) technique was used to get the data for
application of the Ring Model. LSDCAS is designed to
analyse large numbers of cells under a variety of experimental conditions, and is used in general for quantitation
of cell motility. It is an automated microscope system
capable of monitoring on the order of 1000 microscope
ﬁelds over time intervals of up to one month. It is also used
in the study of alterations in cell motility associated with
metastasis, determination of the fate of cells which overproduce pro-oxidants, automatic determination of the
mode for cell death following exposure to cytotoxic agents,
and real-time ﬂuorescence-based analysis. For further
information, see the recent articles by the designers of this
technique: Ianzini and Mackey (2002) and Ianzini et al.
(2002).

2.3. The model equations
For a simple 1-D model of a spring with free ends which
is subject to damping, by assuming that there are two
masses m1 and m2 attached to the ends of the spring which
are positioned at x1 and x2 , respectively, the model
equations become:


x1  x2
m1 x€ 1 ¼  k ðx1  x2 Þ  K
jx1  x2 j
 Bðx_ 1  x_ 2 Þ  D1 x_ 1 ,
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Time-lapse sequences were obtained at 10-min intervals
(i.e. t ¼ 0; 10; 20; . . . ; 60 min). The number of radial subunits is assumed arbitrarily to be 50 for this application. At
each time step, the positions of the point masses are handsegmented approximately according to the number of
radial subunits determined using geometry of the 2-D
projection of the cell (see Fig. 3). Since the cells are moving
slowly, the geometry of the projection is a strong indicator
of the change in the position of a mass point from one time
step to another. These masses are assumed to be cell and
nuclear membrane ends of the radial subunits. These
positions are used to solve the inverse problem. In Fig. 2
positions of the ﬁfth and 24th units through time are
shown. Both in Figs. 2 and 3 the dotted lines are the initial
positions (i.e. t ¼ 0 min) of the membranes and the solid
lines are the ﬁnal positions (i.e. t ¼ 60 min).
After an introduction of the model equations, our main
objective will be to illustrate that it is possible to extract the
temporal evolution of the model parameters by ﬁtting the
model to data for the evolution of the inner and outer
layers of the cell.
In the Ring Model, the SI unit system is used (see Table
1 and note that the units given in the table are for scaled
parameters as explained in the next section).
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Fig. 2. Fifth and 24th units at different time steps (see text for explanation).
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Fig. 3. Trajectories of the membrane ends of radial subunits.
Table 1
The scaled model parameters and their units (SI)
p

Stand for

Units

ki
Ki
Bi
lsi
Lsi
Bsi
Dsi

Radial spring constants
Radial spring rest lengths
Damping constants for the radial springs
Cell membrane spring constants
Cell membrane spring rest lengths
Damping constants for the cell membrane springs
Drag coefﬁcients at the cell membrane ends of the
radial springs
Nuclear membrane spring constants
Nuclear membrane spring rest lengths
Damping constants for the nuclear membrane
springs
Drag coefﬁcients at the nuclear ends of the radial
springs
Masses at the membrane ends of the radial springs
Mass of the nucleus

1=s2
m/kg
1=s
1=s2
m/kg
1/s
1/s

lni
Lni
Bni
Dni
mi
mc

1=s2
m/kg
1/s
1/s
–
kg



x1  x2
m2 x€ 2 ¼ k ðx1  x2 Þ  K
jx1  x2 j
þ Bðx_ 1  x_ 2 Þ  D2 x_ 2 ,
where k is the spring constant, K is the rest length of the spring,
B is the viscosity coefﬁcient, and Di are drag coefﬁcients.

For n radial subunits involved in the model, the positions
of the membrane ends of the radial subunits will be
denoted by xi and those of nuclear ends by xi where xi ¼
ðxi ; yi Þ and xi ¼ ðxi ; yi Þ.
The basic idea is that if we can ﬁnd the equation of
motion for all motile points, the solution of that system will
give us the movement of the cell.
There are three forces acting on the masses at the
membrane ends of the radial subunits, two coming from
the neighboring membrane subunits, and one due to the
radial subunits (see Fig. 1). So by Newton’s second law,
F ¼ ma, the equation of motion for the membrane ends
and the nuclear ends of the subunits, respectively, becomes
as follows:
mc
f lni  f lni1  f ki  Dni x_ i ¼
x€ i ,
n
f lsi  f lsi1 þ f ki  Dsi x_ i ¼ mi x€ i .
ð2:1Þ
Here f s is the force due to the subunit with spring constant
s, mc is the mass of the nucleus, mi are the point masses at
the cell membrane ends of the radial subunits, Dni , Dsi are
drag coefﬁcients that the point masses at the nuclear and
cell membrane ends of radial subunits are subject to,
respectively.
Therefore, we have a system, Eq. (2.1), of 4n nonlinear
second-order ordinary differential equations (ODEs)
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(coming from the equation of motion for each component
of the positions xi , xi ). The system and the corresponding
initial/boundary conditions constitute the system for the
forward problem, that is, for a given set of parameters the
solution of the system, Eq. (2.1), gives the position of the
cell at any time.
More speciﬁcally, the forces due to the nuclear subunits,
membrane subunits, and radial subunits, respectively, are:



xi  xiþ1
f lni ¼  lni ðxi  xiþ1 Þ  Lni
jxi  xiþ1 j
_
_
 Bni ½ðxi  xiþ1 Þ,

 i

x  xiþ1
f lsi ¼  lsi ðxi  xiþ1 Þ  Lsi
jxi  xiþ1 j
 Bsi ½ðx_ i  x_ iþ1 Þ,

 i

x  xi
f ki ¼  ki ðxi  xi Þ  K i
jxi  xi j
 Bi ½ðx_ i  x_ i Þ.

ð2:2Þ

For simplicity the following substitutions are done:
xi  xiþ1
; wni ¼ x_ i  x_ iþ1 ,
uni ¼ xi  xiþ1 ; vni ¼
jxi  xiþ1 j
usi ¼ xi  xiþ1 ;

u i ¼ xi  xi ;

vsi ¼

vi ¼

xi  xiþ1
;
jxi  xiþ1 j

xi  xi
;
jxi  xi j

wsi ¼ x_ i  x_ iþ1 ,

wi ¼ x_ i  x_ i .

For the inverse problem uni , vni , wni , usi , vsi , wsi , ui , vi , wi
are all known constant vectors, since in this case the
positions are provided and parameters are unknown. In
this setting xiþ1 ¼ x1 (respectively, xiþ1 ¼ x1 ) for i ¼ n and
xi1 ¼ xn (respectively, xi1 ¼ xn ) for i ¼ 1. As a result, we
have the following nonlinear system of equations to solve
for the parameters of the model (see Table 1) where the
position vectors are known and their derivatives with
respect to time approximated by using ﬁnite difference
formulas:
mc
x€ i ¼  ðuni lni  vni lni Lni þ wni Bni Þ
n
þ ðunði1Þ lni1  vnði1Þ lni1 Lni1 þ wnði1Þ Bni1 Þ
þ ðui ki  vi ki K i þ wi Bi Þ  Dni x_ i ,
i

mi x€ ¼  ðusi lsi  vsi lsi Lsi þ wsi Bsi Þ
þ ðusði1Þ lsi1  vsði1Þ lsi1 Lsi1 þ wsði1Þ Bsi1 Þ
 ðui ki  vi ki K i þ wi Bi Þ  Dsi x_ i ,
ð2:3Þ
where i ¼ 1; . . . ; n.
There is only one term with nonlinearity at each force in
Eq. (2.2) and it comes from the product of spring constants
and rest lengths. Since each pair, for example,
ðki ; K i Þ2ðki ; ki K i Þ uniquely determines the other (except
for the trivial case which lacks physical meaning), the
product can be renamed as ki K i ! K i to linearize the
system, Eq. (2.3). Each equation is also scaled by the mass

of the nucleus to get
1
x€ i ¼  ðuni lni  vni Lni þ wni Bni Þ
n
þ ðunði1Þ lni1  vnði1Þ Lni1
þ wnði1Þ Bni1 Þ þ ðui ki  vi K i þ wi Bi Þ  Dni x_ i ,
0 ¼  mi x€ i  ðusi lsi  vsi Lsi þ wsi Bsi Þ
þ ðusði1Þ lsi1  vsði1Þ Lsi1 þ wsði1Þ Bsi1 Þ
 ðui ki  vi K i þ wi Bi Þ  Dsi x_ i ,

ð2:4Þ

where now
lni
;
mc
mi
mi :¼ ;
mc
lni :¼

Lni :¼

lni Lni
;
mc

Bni :¼

Bni
,
mc

i ¼ 1; . . . ; n,

etc. The vector of unknown parameters can be written as
(see Table 1):
p ¼ ½ln; Ln; Bn; k; K; B; Dn; ls; Ls; Bs; Ds; mT ,
where the subvectors
½ln1 ; . . . ; lni ; . . . ; lnn .
Using submatrices, for
2 x
u1 . . . 0 . . .
6 y
6 u1 . . . 0 . . .
6
6
..
..
..
6 ..
6 .
.
.
.
6
6
6 0 . . . ux . . .
j
6
k̄ ¼ 6
6 0 . . . uy . . .
6
j
6
6 .
..
..
..
6 .
6 .
.
.
.
6
6
6 0 ... 0 ...
4
0 ... 0 ...
2 x
us1 . . .
0
6 y
0
6 us1 . . .
6
6 x
6 us1 . . .
0
6
6 y
6 us1 . . .
0
6
6
..
..
6 ..
6 .
.
.
6
6
6 0
. . . uxsj
6
l̄s ¼ 6
6 0
. . . uysj
6
6
6 0
...
uxsj
6
6
6 0
...
uysj
6
6
6
..
..
6 ..
6 .
.
.
6
6
6 0
...
0
4
0
...
0

are, for example, like ln ¼
example,
3
0
7
07
7
7
.. 7
. 7
7
7
07
7
7,
07
7
7
.. 7
7
. 7
7
7
uxn 7
5
uyn
...
...
...
...
..
.
...
...
...
...
..
.
...
...

uxsn

3

7
uysn 7
7
7
0 7
7
7
0 7
7
7
.. 7
. 7
7
7
0 7
7
7,
0 7
7
7
0 7
7
7
0 7
7
7
7
.. 7
. 7
7
7
uxsn 7
5
uysn
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0̄, etc., which are 2n  n matrices, we have the following
coefﬁcient matrix:
"
U¼

l̄n
0̄

L̄n B̄n
0̄
0̄

k̄
k̄

K̄
K̄

B̄
B̄

D̄n 0̄
0̄ l̄s

0̄
L̄s

0̄
B̄s

0̄
D̄s

#
0̄
.
M̄

The matrix U is 4n  12n and then the system, Eq. (2.3),
which is different for each time step, turns out to be
Up ¼ d,

(2.5)

where

T
x€ 1 y€ 1
x€ i y€
x€ n y€
; ; . . . ; ; i ; . . . ; ; n ; 0; 0; . . . ; 0; 0; . . . ; 0; 0 .
d¼
n n
n n
n n
Clearly, the system is underdetermined. To make it exactly
determined it is assumed that the parameters are constant
locally in time for three consecutive time steps. This is a
reasonable assumption because of the slow speed of the
cell. The slow motion implies that the changes in the
motility-related parameters are negligible.
It should be also noted that the derivatives are
approximated by difference formulas after a piecewise
interpolation of the original data using splines along the
time axis to get ﬁner results. In the reformulation of the
inverse problem as a matrix equation, Eq. (2.5), both the
coefﬁcient matrix and the vector on the right-hand side are
dependent on the ﬁrst and/or second derivatives. Therefore, the coefﬁcient matrix is ill-conditioned with a quite
high condition number for rough approximations to the
derivatives. It is necessary to have ﬁner approximations to
the derivatives for a better solution, as it makes the
condition number smaller. Iterative methods, and even
regularization techniques, do not work with this highly illconditioned system.
3. Results
The Ring Model is applied to both an arbitrary set of
simulated data and live cell imaging data. The former
application shows the reliability of the model. The
corresponding results are as follows.
3.1. Results obtained from an arbitrary set of simulated data
A Matlab program was coded for simulation of a
crawling cell movement (forward problem) using the
system, Eq. (2.1), to check the reliability of the model.
For the simulation, a set of arbitrarily pre-determined
parameters was input and the code solved the second-order
nonlinear ODE system, Eq. (2.3), of 4n equations and
animated it. The solutions were the positions of the spring
ends at the speciﬁed times. Then, in the second step, this
simulated data set (positions) was used to solve the inverse
problem. The code for the inverse problem provides the
exact solution (the pre-determined parameter set) up to
around 1e  22 accuracy. This shows that the method

7

developed for the solution of the model and the inverse
problem is working for arbitrary data sets.
3.2. Results obtained from live cell imaging data
The exact solution to the inverse problem for real data
(live cell imaging data, as explained in Section 2.2 and
visualized on the graphs of Figs. 3 and 2) has some negative
values for parameters. Negative elasticity and viscosity
were observed, and since around 30% of the parameter
values for mass and spring rest lengths were also negative,
an optimization routine was used to restrict solutions to the
positive cone of real values. The built-in function lsqlin of
Matlab was used to get those results presented here (see
Figs. 4 and 5 and Section 4). The results are accurate up to
around 1e  15 residual norm.
In the ﬁgures, subgraphs are plotted without an x-label
for clarity of the whole picture and parameters are labeled
at the upper right corner of the corresponding graphs. The
x-axis for each graph is the time t ¼ 0; 1; 2; . . . ; 3600 s. Note
also that the results are the solutions for the scaled
parameters except the rest lengths (K i ; Lni ; Lsi ) because
unscaled parameters can be and are calculated for the rest
lengths by the ratio K i =ki , etc. of the corresponding scaled
parameters.
The following observations mostly related to the
mechanical properties of the cell can be made by just
analysing the graphs.
First recalling that the solutions for the unscaled rest
lengths ðK i ; Lni ; Lsi ; i ¼ 5; 24Þ are presented, one can easily
check that these values are consistent with the size of the
cell (compare Figs. 3, 4, and 5). Namely, the order of
magnitude of the cell size is 1e  4  1e  4 and those of
the radial spring rest lengths, K i , cell membrane spring rest
lengths, Lsi , nuclear membrane spring rest lengths, Lni , are
1e  5; 1e  6; 1e  6, respectively, and they are consistent
with each other.
From Fig. 2 it is clear that the cell is expanding around
strip 5 and shrinking around strip 24. The results reﬂect
this phenomenon: the rest length K 5 of radial subunit 5 is
increasing and the rest length K 24 of radial subunit 24 is
decreasing. Moreover, the same pattern for the change of
masses is valid as expected; m5 is increasing and m24 is
decreasing through time. Similarly, while the spring
constant k5 of radial subunit 5 is oscillating with a small
overall decrease, the spring constant k24 of radial subunit
24 is increasing and reﬂects the elastic behavior of the
contraction.
Looking overall at the graphs presented, one can realize
that the spring constants are mostly increasing and the rest
lengths, viscosity, and drag coefﬁcients are decreasing for
both units 5 and 24. That shows that the cell is maximizing
force generation at the protruding and contracting sites.
Similar analysis can be done for other subunits of units 5
and 24 and the other units as well. One can see that the
results and the correspondence given in Section 2.1, for
example polymerization at the leading edge and increasing
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Fig. 4. Solutions of the parameters for unit 5 (see Fig. 2).

K 5 , activation of the actomyosin complex to create
contractility and increasing k24 , etc., appear to be
consistent.
4. Discussion
The model, its implementation, results, and future steps
are discussed in the following subsections.

4.1. The model
In this article, the primary aim was to introduce the Ring
Model, show its validity, and also provide an example of its
application using a set of real data.
It is shown that the model achieves quite high accuracy
in ﬁnding the exact solution for the inverse problem, as
explained in the previous section, for arbitrary data sets
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obtained from the implementation of the forward
problem.
Application of the model to a set of live cell imaging data
justiﬁed the correspondence set forth in Section 2.1
between the model setting and known related biophysical
and mechanochemical explanations up to some level. This
correspondence, after more experimental justiﬁcation, can
be used for analysis of different applications.
Any cross-section of the cell through the nucleus in 3-D
reduces to a 2-D ﬂat surface and therefore the model can be

applied. In order to obtain local mechanical characteristics
of the cell rather than global approximations, more layers
can be assumed within the cell other than the membranes.
Since it may be expensive in terms of numerical calculations, a pair of layers (ring) within the cell, not necessarily
the membranes, can be assumed instead. As the layers of
the ring get closer, ﬁner results can be obtained for
sufﬁciently large n.
The model can also be used for estimation or measurement of chemical and biophysical changes at important
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steps or processes during the life cycle of the cell, such as
growth, division, death, etc. It may lead to some useful
relations among the model parameters which might be
valid biologically as well.
4.2. Numerical computations and the data
We use the quasi-steady-state approach in the solution of
the model equations of the inverse problem. That is, for the
numerical computations, parameters are considered to be
constant locally in time, but they are treated as functions of
time globally. This approach simpliﬁes the model to its
present form of a nonlinear ODE system instead of a
nonlinear partial differential equation (PDE) system.
For the data set used in this paper, the step size ð10 minÞ
for time increments seems to be big. However, this choice is
actually suitable for the case of slowly moving cell. For
slowly moving cells, as mentioned above, it is reasonable to
think that motility-related parameters are also altering
slowly which constitute a reason for using quasi-steadystate method.
4.3. Future steps and improvements
In order to justify the correspondence set forth in Section
2.1 and also to get biochemical insights about the cell using
the Ring Model, or to derive conclusions about the effect
of the medium, different measurements under different
chemical conditions (like different pH level of substratum,
chemicals causing chemotaxis, temperature, etc.) are
needed. Time and space do not allow the presentation in
the present article of an application of the model to these
different experimental settings, and thus we leave further
discussion, interpretation, biophysical, and mechanochemical implications to a larger article, which is in progress.
We primarily focused on the inverse problem, and for
the inverse problem the only necessary information is the
position set of the point masses. For that reason, the
forward problem is left relatively simple, and cell-to-cell
adhesion and directed motion, for example, are not
considered. The model will be improved in a way that
reproduces the whole movement of the cell by incorporating some other aspects of the cell movement. Mathematical
formulations of the properties of integrin proteins,
for example, can allow us to include directed motion
into the model (see, for example, Cox and Huttenlocher,
1998; Munevar et al., 2001; Palecek et al., 1996, 1997;
Verkhovsky et al., 1999).
The subunits used for modeling are simple Voigt solid
elements. Some other combinations (see, for example,
Bray’s suggestion (2001) for a different unit design) of
Boltzmann elements and contractile elements can be
assumed and may lead to ﬁner representation of the
cytoskeletal dynamics. Such improvements, together with
ﬂuid dynamics involvement, will be discussed in a later
work.

The restriction on the parameters as being constant
locally in time will be removed. The system for parameters
as functions of space and time has already been formulated
using the Lagrangian, and it is observed that the PDE
system obtained reduces to the ODE system, Eq. (2.3), for
constant parameters. This is not only conﬁrmation of the
model, Eq. (2.3), but also leads to some energy considerations and gives us the ability to use the terminology and
techniques of variational methods.
4.4. Limitations of the model
The major difﬁculty in the application of the Ring Model
is getting the positions of point masses accurately through
time. For this paper, the positions of the masses are
determined approximately by a careful analysis of the
graphs obtained from the real data. Using ﬂuorescence
microscopy or some other advanced techniques to determine the positions of the point masses assumed to be
located at cell and nuclear membranes, however, may lead
to ﬁner results. More precise, rather than approximate,
determination of the mass points, and a sensitivity analysis
of the model (i.e. how the different choice of mass points
affects the result), will be studied in a separate paper.
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